Statistics 
UNIT 4 – PROBABILITY

PROJECT
Sample Spaces and Probability Rules

Probability is the chance of an event occurring.

In order to find probabilities, we must know the sample space for the events.

Probability experiment – a process that leads to well-defined results called outcomes.

Outcome – the result of a single trial of a probability experiment.

Sample Space – the set of all possible outcomes of a probability

Ex.   List the sample space for each experiment.


Experiment



Sample Space

Toss one coin


Roll a die


Answer a true-false question


Toss two coins

Ex.  Find the sample space for rolling two dice.

Ex.   Find the sample space for drawing one card from an ordinary deck of cards.

Ex.  Find the sample space for the gender of the children if a family has three children.

Tree Diagrams

A tree diagram is a device used to list all possibilities of a sequence of events in a systematic way.

Ex. 5

Suppose a salesman can travel from New York to Pittsburgh by plane, train, or bus, and from Pittsburgh to Cincinnati by bus, boat, or automobile.  Draw a tree diagram to show all the possible ways he can travel from New York to Cincinnati.

Ex. 6
A coin is tossed and a die is rolled.  List all possible outcomes of this sequence of events.

Ex. 7
Sue and Tom play in a racquetball tournament.  The first person to win two games out of three games wins the tournament.  Find all possible outcomes.

Ex. 8

A breakfast menu consists of the following items (one from each category).


Juice

Orange, grapefruit, cranberry


Toast

White, Whole Wheat


Eggs

Scrambled, fried, poached

Event – one or more outcomes of a probability experiment.


An event can be one outcome or more than one outcome.  

Ex.  A die is rolled.  


Event of a 6  -  simple event  (the result of a single trial)


Event of an odd number -  compound event  (result of three simple events)

There are three types of Probability:

1.  

2.

3.

Classical (Theoretical) Probability

· uses sample spaces to determine the numerical probability that an event will happen.
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Classical probability assumes that all outcomes in the sample space are equally likely to occur (the events in the sample space have the same probability of occurring).

Ex.  For a card drawn from an ordinary deck, find the probability of getting a queen.

Ex.  If a family has three children, find the probability that all the children are girls.

Ex.  A card is drawn from an ordinary deck.  Find:

a. The probability of getting a jack.

b. The probability of getting the 6 of clubs.

c. The probability of getting a 3 or a diamond.

Rules of Probability

a. The probability of any event E is a number between and including 0 and 1.

b. If the event E cannot occur, the probability of E is 0.  (P(E) = 0 )

c. If the event E is certain, the probability of E is 1.  (P(E) = 1)

d. The sum of the probabilities of the outcomes in the sample space is 1.

Ex.  When a single die is rolled, what is the probability of getting a number less than 7?

The Complement of an Event 

If the probability that an event will occur is E, then the probability that an event will not occur is its complement, 
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Ex.  If the probability that it will snow tomorrow is 
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, find the probability that it will not snow tomorrow.

Empirical (Experimental) Probability

Empirical probability uses frequency distributions based on observations.
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Ex.  In our class, what is the probability that an individual has exactly 1 sister?

Ex.  A researcher asked 25 people if they liked the taste of a new soft drink.  15 answered yes, 8 answered no, and 2 answered undecided.  What is the probability that a person responded “no”?

Ex.  In a recent study, 6 people were found to have type A blood, 7 people were found to have type B blood, 3 were found to have type AB blood, and 14 were found to have type O blood.  Set up the freq. Distribution and find the following probabilities:

a. A person has type O blood.

b. A person has type A or type B blood.

c. A person has neither type A nor type O blood.

d. A person does not have type AB blood.

 Ex.  Hospital records indicated that maternity patients stayed in the hospital for the number of days shown:

Number of Days Stayed
    Frequency




3


15




4


32





5


56




6


19


7 5

Find these probabilities:

· A patient stayed exactly 5 days.

· A patient stayed less than 6 days.

· A patient stayed at most 4 days.

· A patient stayed at least 5 days.

If you flip a coin 10 times, how many times would you expect it to come up heads?  100 times?  1000 times?

The Law of Large Numbers – the more times you conduct an experiment, the closer the empirical probability gets to the theoretical probability.

Statistics and Probability

Sample Spaces

Standard Deck of Cards

Explain all the 52 cards.
The Addition Rules for Probability
Compound events are formed by combining several simple events. There are 3 possibilities:

1. 
the probability that either event A or event B will occur, P(A or B)

2. 
the probability that both events A and B will occur, P(A and B)

3. 
the probability that event A will occur given that event B has already occurred, P(A|B)

Mutually Exclusive Events - events defined in such a way that the occurrence of one event precludes the occurrence of any of the other events. (In short, if one of them happens, the others cannot happen.)

Illustration
A group of 200 college students is known to consist of 140 full-time (80 female and 60 male) students and 60 part-time (40 female and 20 male) students. From this group one student is to be selected at random.

200 College Students

Full-time 

Part-time 

Total

Female 
     80 


      40 


   120

Male 

     60 


      20 


     80

Total 

    140


      60 


   200

Event A = the student selected is full-time

Event B = the student selected is a part-time male

Event C = the student selected is female

Which of the following are mutually exclusive events?

1. A and B


 2. A and C

Illustration
Consider an experiment in which two dice are rolled. Three events are defined:

A: The sum of the numbers on the two dice is 7.

B: The sum of the numbers on the two dice is 10.

C: Each of the two dice shows the same number.

Are these three events mutually exclusive?
Illustration
A group of 200 college students is known to consist of 140 full-time (80 female and 60 male) students and 60 part-time (40 female and 20 male) students. From this group one student is to be selected at random.

200 College Students

Full-time 

Part-time 

Total

Female 
     80 


      40 


   120

Male 

     60 


      20 


     80

Total 

    140


      60 


   200

Event A = the student selected is full-time

Event B = the student selected is a part-time male

Event C = the student selected is female

What is the probability of A or B, P(A or B)?

What is the probability of A or C, P(A or C)?

General Addition Rule

Let A and B be two events defined in a sample space S.

P(A or B) = P(A) + P(B) - P(A and B)

Special Addition Rule

Let A and B be two events defined in a sample space. If A and B are mutually exclusive events, then

P(A or B) = P(A) + P(B)

This can be expanded to consider more than two mutually exclusive events:

P(A or B or C or ... or E) = P(A) + P(B) + P(C) ...P(E)

Illustration
One white die and one black die are rolled. Find the probability that the white die shows a number smaller than 3 or the sum of the dice is greater than 9.

Illustration
A pair of dice is rolled. Event T is defined as the occurrence of a "total of 10 or 11," and event D is the occurrence of "doubles." Find the probability of P(T or D).

Illustration

One New Year’s Eve, the probability of a person driving while intoxicated is 0.32, the probability of a person having a driving accident is 0.09, and the probability of a person having a driving accident while intoxicated is 0.06.  What is the probability of a person driving while intoxicated or having a driving accident?

The Multiplication Rule and Conditional Probability

Example

Event A = a 2 shows on the white die

Event B = a 2 shows on the black die

What is P(A)?


What is P(B)?


What is P(A and B)?

Example

Event A = a heads appears on the first toss


Event B = a heads appears on the second toss

What is P(A)?  

What is P(B)?


What is P(A and B)?

Example

Event A = the sum of 2 dice is 10

Event B = you roll doubles

What is P(A)?


What is P(B)?


What is P(A and B)?

Multiplying P(A) • P(B) to get P(A and B) does not always work. The property that is required for multiplying probabilities is independence.

Independent Events - Two events A and B are independent events if the occurrence (or nonoccurrence) of one does not affect the probability assigned to the occurrence of the other.

Whether or not events are independent often becomes clear by examining the events in question.  One approach is to assume independence or dependence. The correctness of the probability analysis depends on the truth of the assumption. In practice we often assume independence and compare calculated probabilities with actual frequencies of outcomes in order to infer whether the assumption of independence is warranted.
Example

Determine whether or not each of the following pairs of events are independent.

1.  rolling a pair of dice and observing a "2" on one of the dice and having a "total of 10."

2.  drawing one card from a regular deck of playing cards and having a "red" card and having an "ace."

3.  raining today and passing today's exam

4.  raining today and playing golf today

5.  completing today's homework assignment and being in class on time.

The symbol P(A|B) represents the probability that A will occur given that B has occurred. This is

called conditional probability.

***** Two events A and B are independent events if: *****

P(A|B) = P(A)

or

P(B|A) = P(B)

Example

A single die is rolled. A = the event that a 4 occurs. B = the event that an even number occurs.

Find P(A|B) and P(B|A). Are A and B independent events?

Illustration

In a sample of 150 residents, each person was asked if he or she favored the concept of having a single countywide police agency. The county is composed of one large city and many suburban townships. The residence (city or outside the city) and the responses of the residents are summarized in the table. If one of these residents was to be selected at random, what is the probability that the person will:

a) favor the concept?

b) favor the concept if the person selected is a city resident?

c) favor the concept if the person selected is a resident from outside the city?

d) Are the events F (favor the concept) and C (reside in city) independent?

Opinion

Residence 

Favor (F) 

Oppose (F) 

Total

In City (C) 

       80 

        40 

  120

Outside of city (C) 
       20 

        10 

    30

Total 


       100 

        50 

   150

General Multiplication Rule

Let A and B be two events defined in sample space S. Then

P(A and B) = P(A) • P(B|A)

or

P(A and B) = P(B) • P(A|B)

Special Multiplication Rule

Let A and B be two events defined in sample space S. If A and B are independent events, then

P(A and B) = P(A) • P(B)

This formula can be expanded. If A, B, C, ..., G are independent events, then

P(A and B and C and ... and G) = P(A) • P(B) • P(C) • ... P(G)

Illustration

One student is selected at random from a group of 200 known to consist of 140 full-time (80

female and 60 male) students and 60 part-time (40 female and 20 male) students. Event A is "the

student selected is full-time" and event C is "the student selected is female."

(a) Are events A and C independent?

(b) Find the probability P(A and C) using the multiplication rule.

Illustration

One white die and one black die are rolled. Find the probability that the sum of their numbers is 7 and that the number on the black die is larger than the number on the white die.

Illustration

A Harris poll found that 46% of Americans say they suffer great stress at least once a week.  If three people are selected at random, find the probability that all three will say that they suffer great stress at least once a week.
Illustration

Approximately 9% of men have a type of color blindness that prevents them from distinguishing between red and green.  If 3 men are selected at random, find the probability that all of them will have this type of red-green color blindness.
Probability with Dependent Events
Illustration

At a university in western Pennsylvania, there were 5 burglaries reported in 2003, 16 in 2004, and 32 in 2005.  If a researcher wishes to select at random two burglaries to further investigate, find the probability that both will have occurred in 2004.

Illustration
World Wide Insurance Company found that 53% of the residents of a city had homeowner’s insurance (H) with the company.  Of these clients, 27% also had automobile insurance (A) with the company.  If a resident is selected at random, find the probability that the resident has both homeowner’s and automobile insurance with World Wide Insurance Company.
Notes

1.  Independence and mutually exclusive are two very different concepts.

a. Mutually exclusive says the two events cannot occur together; that is, they have no intersection.

b. Independence says each event does not affect the other event's probability.

2.  P(A and B) = P(A) • P(B) when A and B are independent.

a. Since P(A) and P(B) are not zero, P(A and B) is nonzero.

b. Thus, independence events have an intersection.

3.  Events cannot be both mutually exclusive and independent. Therefore,

a. if two events are independent, then they are not mutually exclusive.

b. if two events are mutually exclusive, then they are not independent.

Using Tree Diagrams

Example

Box 1 contains 2 red balls and 1 blue ball.  Box 2 contains 3 blue balls and 1 red ball.  A coin is tossed.  If it falls heads up, box 1 is selected and a ball is drawn.  If it falls tails up, box 2 is selected and a ball is drawn.  Find the probability of selecting a red ball.
Notes

1. Multiply along the branches

2. Add across the branches

Conditional Probability

Since the Multiplication Rule gives us 
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Ex.
A box contains black chips and white chips.  A person selects two chips without replacement.  If the probability of selecting a black chip and a white chip is 
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, and the probability of selecting a black chip on the first draw is 
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, find the probability of selecting the white chip on the second draw, given that the first chip selected was a black chip.

Ex. 
The probability that Sam parks in a no-parking zone and gets a parking ticket is 0.06, and the probability that Sam cannot find a legal parking space and has to park in a no-parking zone is 0.20.  On Tuesday, Sam arrives at school and has to park in a no-parking zone.  Find the probability that he will get a parking ticket.

Ex.
A recent survey asked 100 people if they thought women in the armed forces should be permitted to participate in combat.  The results of the survey are shown in the table:

	Gender
	Yes
	No
	Total

	Male
	32
	18
	50

	Female
	8
	42
	50

	Total
	40
	60
	100



Find these probabilities:



a.  The respondent answered “yes” given that the respondent was a female.



b.  The respondent was a male, given that the respondent answered “no”.

Probabilities for “At Least”

Ex
A game is played by drawing 4 cards from an ordinary deck and replacing each card after it is drawn.  Find the probability that at least 1 ace is drawn.

Ex.
A coin is tossed 5 times.  Find the probability of getting at least 1 tail.

Ex.
The Neckware Assoc. of America reported that 3% of ties sold in the United States are bow ties.  If 4 customers who purchased a tie are randomly selected, find the probability that at least 1 purchased a bow tie.

Counting Rules
Many problems in probability and statistics require us to know the possible outcome of situations.  In this unit we will learn methods to determine the number of outcomes for events.

I.
The Multiplication Rule

Ex. 
A security supervisor of a large corporation wishes to issue each employee a parking permit with a four-digit number.  How many permits can be issued?

Multiplication Rule 1

If each event in a sequence of n events has k different possibilities, then the total number of possibilities of the sequence will be:  
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Ex. 
A stockbroker purchases four different stocks.  During the next month, the stock values will either rise, remain the same, or decline.  How many different possibilities are there?

Ex. 
A professor gives a five-question multiple-choice exam.  There are four possible responses to each question.  How many different answer keys can be made?  (Note:  only one key will have all the correct answers.)

Ex.
Suppose the supervisor in Example 1 wished to have an ID card with two letters followed by two digits.  How many different ID cards could be made?

Multiplication Rule 2

In a sequence of n events in which the first one has 
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 possibilities, the second event has 
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, etc., the total possibilities of the sequence will be:  
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Tree Diagrams

A tree diagram is a device used to list all possibilities of a sequence of events in a systematic way.

Ex.
Suppose a salesman can travel from New York to Pittsburgh by plane, train, or bus, and from Pittsburgh to Cincinnati by bus, boat, or automobile.  Draw a tree diagram to show all the possible ways he can travel from New York to Cincinnati.

Ex. 
A coin is tossed and a die is rolled.  List all possible outcomes of this sequence of events.

Ex. 
Sue and Tom play in a racquetball tournament.  The first person to win two games out of three games wins the tournament.  Find all possible outcomes.

Ex.

A breakfast menu consists of the following items (one from each category).


Juice

Orange, grapefruit, cranberry


Toast

White, Whole Wheat


Eggs

Scrambled, fried, poached

Ex. 
Paint is classified as follows:


Color:

Red, blue, white, black, green, brown, yellow


Type:

Latex, oil


Texture:
Flat, semigloss, high gloss


Use:

Interior, exterior

How many different kinds of paint are made?

Ex. 

A nurse has three patients to visit.  How many different ways can she make her rounds if she visits each patient only once?

Ex. 

There are four blood types: A, B, AB, and O.  Blood can also be Rh+ and Rh-.  Finally, a donor can be classified as either male or female.  How many different ways can a donor have his or her blood labeled?

Ex. 

The digits 0, 1, 2, 3, and 4 are to be used in a four-digit identification card.  How many different cards are possible if repetitions are permitted?

Ex. 

An urn contains four balls whose colors are red, blue, black, and white.  A ball is selected, its color noted, and it is replaced.  Then a second ball is selected, and its color is noted.  How many different color schemes are possible?

Ex. 

If the first ball in the previous example is not replaced, how many different outcomes are there?

Permutations
Another set of rules used to determine the total number of possibilities of a sequence of events is the set of permutation rules.

Permutation – an arrangement of n objects in a specific order

Ex. 

Suppose a photographer must arrange three people in a row for a photograph.  How many different possible ways can the arrangement be done?

Permutation Rule 1

The number of permutations of n objects taken all together is n!.

Ex. 

Suppose a businessman has a choice of five locations in which to establish his business.  He decided to rank each location according to certain criteria, such as price of the store and parking facilities.  How many different ways can he rank the five cities?

Ex. 

Suppose the businessman in Ex. 2 wishes to rank only the top three locations.  How many different ways can he rank them?

Permutation Rule 2

The arrangement of n objects in a specific order using r objects at a time is called a permutation of n objects taken r at a time.  It is written as 
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Ex. 
A television news director wishes to use 3 news stories on an evening show.  One story will be the lead story, one will be the second story, and the last will be the closing story.  If the director has a total of 8 stories to choose from, how many possible ways can the program be set up?

Ex. 
A school musical director can select 2 musical plays to present next year.  One will be presented in the fall, and one will be presented in the spring.  If she has 9 to pick from, how many different possibilities are there?

Combinations

Suppose a dress designer wishes to select two different colors of material to design a new dress, and he has on hand four different colors.  How many different possibilities can there be in this situation?

This type of problem differs from previous ones in that the order of selection is not important.  The selection of red and yellow is the same as the selection of yellow and red.  This is a combination.

Combination – a selection of objects without regard to order.

Ex.
Given the letters A, B, C, and D, list the permutations and combinations for selecting two letters.



Permutations



Combinations
Combination Rule

The number of combinations of r objects selected from n objects is denoted by 
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Ex.
How many combinations of four objects are there taken two at a time?

Ex.
In order to survey the opinions of customers at local malls, a researcher decides to select five malls from a total of 12 malls in a specific geographic area.  How many different ways can the selection be made?

Ex.
In a club there are 7 women and 5 men.  A committee of 3 women and 2 men is to be chosen.  How many different possibilities are there?

Ex.
A committee of 5 people must be selected from 5 men and 8 women.  How many ways can the selection be done if there are at least 3 women on the committee?

Probability and Counting Rules
Ex. 
Find the probability of getting 4 aces when 5 cards are drawn from  an ordinary deck of cards.

Ex. 
A box contains 24 transistors, 4 of which are defective.  If 4 are sold at random, find the following probabilities.



a.  Exactly 2 are defective


c.  All are defective.



b.  None is defective



d.  At least 1 is defective.

Ex. 
A store has 6 TV Graphic magazines and 8 Newstime magazines on the counter.  If two customers purchased a magazine, find the probability that one of each magazine was purchased.

Ex. 
A combination lock consists of the 26 letters of the alphabet.  If a 3-letter combination is needed, find the probability that the combination will consist of the letters ABC in that order.  The same letter can be used more than once.  (Is a combination lock actually a combination lock or a permutation lock?)

Ex. 
There are 8 married couples in a tennis club.  If 1 man and 1 woman are selected at random to plan the summer tournament, find the probability that they are married to each other.
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